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Recently, a non-trivial 4D Einstein-Gauss-Bonnet (EGB) theory of gravity, by rescaling the GB
coupling parameter as α/(D − 4), was formulated in [10], which bypasses Lovelock’s theorem and
avoids Ostrogradsky instability. The theory admits a static spherically symmetric black hole, unlike
5D EGB or general relativity counterpart, which can have both Cauchy and event horizons. We
generalize previous work, on gravitational lensing by a Schwarzschild black hole, in the strong and
weak deflection limits to the 4D EGB black holes to calculate the deflection coefficients a¯ and b¯,
while former increases and later decrease with increasing α. We also find that the deflection angle
αD, angular position θ∞ and um decreases, but angular separation s increases with α. The effect
of the GB coupling parameter α on positions and magnification of the source relativistic images is
discussed in the context of SgrA* and M87* black holes. A brief description of the weak gravitational
lensing using the Gauss-Bonnet theorem is presented.
PACS numbers:
I. INTRODUCTION
String theories, in the low-energy limits, give rise to the effective field theories of gravity such that the Lagrangian for
these theories contains terms of quadratic and higher orders in the curvature in addition to the usual scalar curvature
term [1–4]. Further, the gravitational action may be modified to include the quadratic curvature correction terms
while keeping the equations of motion to second order, provided the quadratic terms appear in specific combinations
corresponding to the Gauss-Bonnet (GB) invariants defined by [5]
G = R2 − 4RµνRµν +RµνρσRµνρσ, (1)
and such a theory is termed as D ≥ 5 dimensional Einstein Gauss-Bonnet (EGB) gravity theory with the D − 4
extra dimensions. It turns out that the four-dimensional GB term arises as the next to leading order correction to
the gravitational effective action in string theory [1–4]. The EGB gravity is a special case of the Lovelock theory of
gravitation [6]. Since its equations of motion have no more than two derivatives of the metric, it has been proven to
be free of ghosts [7]. Boulware and Deser [7], independently by Wheeler [8], found exact black hole solutions in EGB
gravity theories, which are generalizations of the Schwarzschild-Tangherlini black holes [9]. However, the GB term (1)
is a topological invariant in 4D as its contribution to all components of Einstein’s equations are in fact proportional
to (D− 4), i.e, it does not contributes to the equations of motion and one requires D ≥ 5 for non-trivial gravitational
dynamics.
However, it was shown by Glavan and Lin [10] that by re-scaling the GB coupling constant, in the EGB gravity
action, as α → α/(D − 4), the GB invariant makes a non-trivial contribution to the gravitational dynamics even in
the D = 4. This is evident by considering maximally symmetric spacetimes with curvature scale K
gµσ√−g
δG
δgνσ
=
α(D − 2)(D − 3)
2(D − 1) K
2δνµ, (2)
obviously the variation of the GB action does not vanish in D = 4 because of the re-scaled coupling constant [10].
This 4D EGB gravity has already attracted much attentions and being extensively studied [11–16]. The Boulware
and Deser [7] version of the spherically symmetric static black hole to the 4D EGB gravity was obtained in [10],
which was also extended to the charged case [17]; this kind of solution for the Lovelock gravity has been obtained in
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2Ref. [18, 19]. The corresponding black holes in a string cloud model was considered in [20]. Also, nonstatic Vaidya-like
spherical radiating black hole solutions have been obtained in 4D EGB gravity [21, 22]. More black hole solutions
can be found in Refs. [23–29]. Study of photon geodesics and the effects of GB coupling parameter on the shadow of
4D EGB black hole is presented in Ref. [27, 28, 30, 31].
The idea of 4D regularization of EGB gravity was originally initiated by Tomozawa [32], and later Cognola et
al. [33] reformulated it by accounting quantum corrections due to a GB invariant within a classical Lagrangian
approach. Though the Glavan and Lin [10] 4D regularization procedure is currently a subject of dispute [34–38],
however, several alternate regularization procedures have been proposed [15, 19, 34, 39–42]. Interestingly, neither
of the critics [34, 36, 38] disprove dimensional regularization procedure of [10] at least for the case of spherically
symmetric spacetimes. Furthermore, the static spherically symmetric 4D black hole solution found in [10, 33] remains
valid for these alternate regularized theories [15, 19, 34, 41]. Furthermore, the semi-classical Einstein equations with
conformal anomaly proportional to Euler density G [43, 44] and the 4D non-relativistic Horava-Lifshitz theory of
gravity [45] also admit the identical spherically symmetric black hole solution.
Gravitational lensing is one of the most powerful astrophysical tools for investigations of the strong-field features of
gravity. Motivated by the pioneering work of Darwin [46], strong gravitational lensing by compact astrophysical objects
with a photon sphere, such as black holes, has been extensively studied. The deflection of electromagnetic radiation in
a gravitational field is commonly referred to as the gravitational lensing and an object causing a deflection is known
as a gravitational lens. Virbhadra [47] studied the strong-field situation to obtain the gravitational lens equation
using an asymptotically flat background metric and also analyzed the gravitational lensing by a Schwarzschild black
hole. The results have been applied to the supermassive black hole Sgr A* using numerical techniques [47]. Later
on, using a different formulation, an exact lens equation and integral expressions for its solutions were obtained [48].
However, it was Bozza et al. [49] who first defined the strong-field deflection limit to analytically investigate the
Schwarzschild black hole lensing. This technique has been applied to static, spherically symmetric metrics which
includes Reissner−Nordstrom black holes [50], braneworld black holes [51–54], charged black hole of heterotic string
theory [55], and was also generalized to an arbitrary static, spherically symmetric metric by Bozza [56]. On the other
hand, lensing in the strong gravitational field is a powerful tool to test the nature of compact objects, therefore,
it continues to receive significant attention, and more recent works include lensing from other black holes [57–60].
However, the qualitative features in lensing by these black holes, in the presence of a photon sphere, is similar to
the Schwarzschild case. Also, strong gravitational lensing from various modifications of Schwarzschild geometry in
modeling the galactic center has been studied, e.g., lensing from regular black holes was studied in [61, 62], massive
gravity black holes [63] and also lensing by wormholes [64, 65].
The aim of this paper is to apply the prescription of Bozza et al. [56] to investigate the gravitational lensing
properties of the 4D EGB black hole. In particular, we calculate the strong lensing coefficients of the static spherically
symmetric EGB black hole, from which we calculate the positions and magnification of the source’s images and
numerically compute them for the Schwarzschild black hole. The effect of the GB coupling parameter on the weak
gravitational lensing is also investigated. The paper is organized as follows: we begin in Sect. II with a discussion of
the static spherically symmetric black hole of the 4D EGB gravity. Gravitational deflection of light in strong-field
limits of these black holes is investigated in Sect. III. Corresponding lensing observables and numerical estimations
of deflection angle, image positions, and magnifications in the context of supermassive black holes, namely Sgr A*
and M87* are presented in Sect. IV. Section V is devoted to the weak gravitational lensing. Finally, paper ends in
Sect. VI by summarizing our main findings.
II. THE 4D EGB BLACK HOLE
The EGB gravity action, with rescaled GB coupling α/(D − 4) to restore the dimensional regularization, in the
D-dimension spacetime yields [10]
S =
1
16piG
∫
dDx
√−g[R+ α
D − 4G ], (3)
where g is the determinant of metric tensor gµν , R is the Ricci scalar, and α is the GB coupling constant considered
to be positive. The 4D EGB theory is defined in the limit of D → 4 at the level of equations of motion rather than
in action, thereby the GB term makes a non-trivial contribution in gravitational dynamic [10], which admit static
spherically symmetric black hole [10] given by
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dθ2 + sin2 θ dφ2), (4)
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Figure 1: (Left panel) Plot showing the horizons for various values of GB coupling parameter. The black solid line corresponds
to the extremal value of α˜. (Right panel) The behavior of event horizon radii x+ (solid black line), Cauchy horizon radii x−
(dashed red line), and photon sphere radii xm (dashed blue line) with GB coupling parameter α˜.
with
f±(r) = 1 +
r2
32piαG
(
1±
√
1 +
128piαMG2
r3
)
. (5)
Here,M is the black hole mass parameter and G is the Newton’s gravitational constant which is set to unity hereafter.
Since various gravity theories [18, 19, 32–34, 41, 43–45] admit the spherically symmetric black hole solution identical
to Eq. (4) with (5), therefore the presented study of gravitational lensing is also valid for these gravity black holes.
It is clear that Eq. (5) leads to two different branches of solutions corresponding to the “± ” sign. However, at large
distances, metric function (5) reduces to
f−(r) = 1− 2M
r
, f+(r) = 1 +
2M
r
+
r2
16piα
, (6)
and only f−(r) correctly identify with the Schwarzschild solution, even in the limit of vanishing GB coupling constant,
α → 0, the metric (4) only with f−(r) in Eq. (5) retains to the Schwarzschild black hole metric [10]. Henceforth, we
shall restrict our discussion to −ve branch.
To initiate discussion on gravitation lensing, we note that the static and spherically symmetric metric (4) is asymp-
totically flat and rewrite it using the dimensionless variables as follow [56]
ds˜2 = (2M)−2ds2 = −A(x)dT 2 + 1
A(x)
dx2 + C(x)(dθ2 + sin2 θ dφ2), (7)
where
x =
r
2M
, T =
t
2M
, α˜ =
α
M2
, (8)
and accordingly from the metric (4), we have
A(x) = 1 +
x2
8piα˜
(
1−
√
1 +
16piα˜
x3
)
, C(x) = x2. (9)
The event horizon is the largest positive root of grr = 0, i.e., horizon radii can be determined by solving
A(x) = 0, (10)
which admits solutions
x± =
1
2
(
1±√1− 16piα˜
)
. (11)
4Depending on the values of α˜ and M , Eq. (10) has upto two real positive roots corresponding to the inner Cauchy
horizon (x−) and outer event horizon (x+). It turns out that A(x) = 0 has no solution if α˜ > α˜E i.e., no black hole
exists. Whereas, it has one double zero if α˜ = α˜E , and two simple zeros if α˜ < α˜E , respectively, corresponding to
the 4D EGB black hole with degenerate horizon (x− = x+ ≡ xE), and a non-extremal black hole with two horizons
(x− 6= x+) (cf. Fig. 1). The event horizon radii decrease whereas Cauchy horizon radii increase with increasing α˜ (cf.
Fig. 1). It is evident that the event horizon radii for the EGB black holes is smaller than the Schwarzschild black hole
value.
III. STRONG GRAVITATIONAL LENSING
In this section, we focus on the gravitational deflection of light in the static spherically symmetric 4D EGB black
hole spacetime (7) and consider the propagation of light on the equatorial plane (θ = pi/2), as due to spherical
symmetry, the same results can be applied to all θ. Then the metric (7) reduces to
ds˜2 = −A(x)dT 2 +A(x)−1dx2 + C(x)dφ2. (12)
Since the spacetime is static and spherically symmetric, the projection of photon four-momentum along the Killing
vectors of isometries are conserved quantities, namely the energy E = −pµξµ(t) and angular momentum L = pµξµ(φ) are
constant along the geodesics, where ξµ(t) and ξ
µ
(φ) are, respectively, the Killing vectors due to time-translational and
rotational invariance [66]. This yields
dt
dτ
= − E
A(x)
,
dφ
dτ
=
L
C(x)
, (13)
where τ is the afine parameter along the geodesics. Using Eq. (13) for the null geodesics equation ds2 = 0, we obtain(
dx
dτ
)2
≡ x˙2 = E2 − L
2A(x)
C(x)
. (14)
The radial effective potential Veff(x) = L2A(x)/C(x), reads as
Veff(x) =
L2
x2
(
1 +
x2
8piα˜
(
1−
√
1 +
16piα˜
x3
))
, (15)
and describes the different kinds of possible orbits. In particular, photons simply move on circular orbits of constant
radius xm, at points where the potential is flat
dVeff(x)
dx
= 0 ⇒ A
′(x)
A(x)
=
C′(x)
C(x)
, (16)
Eq. (16) reduces to
4x3 − 9x+ 64piα˜ = 0, (17)
and solving which, gives the radius of photon circular orbits xm; at x = xm potential has a unique maximum. These
orbits are unstable against small radial perturbations, which would finally drive photons into the black hole or toward
spatial infinity [66]. Due to spherical symmetry, these orbits are planer and generate a photon sphere around the
black hole. Photons, coming from the far distance source, approach the black hole with some impact parameter and
get deflected symmetrically to infinity, meanwhile reaching a minimum distance near the black hole. The impact
parameter u is related to the closest approach distance x0, which follows from intersecting the effective potential
Veff(x) with the energy of photon E2, this reads as
Veff(x) = E2 ⇒ u ≡ LE =
√
C(x0)
A(x0)
. (18)
For x0 = xm, the corresponding impact parameter is um, which satisfy Eq. (16). The gravitational deflection angle
of light is described as the angle between the asymptotic incoming and outgoing trajectories, and reads as [47, 67]
αD(x0) = I(x0)− pi, (19)
5where
I(x0) = 2
∫ ∞
x0
dφ
dx
dx,
dφ
dx
=
1√
A(x)C(x)
√
C(x)A(x0)
C(x0)A(x)
− 1
. (20)
It is worthwhile to note that the impact parameter coincides with the distance of closest approach only in the limit
of vanishing deflection angle. Due to spacetime symmetries, the total change in φ as x decreases from ∞ to its
minimum value x0 and then increases again to ∞ is just twice its change from ∞ to x0. In the absence of a black
hole, photons will follow the straight line trajectory and this change in φ is simply pi and therefore by Eq. (19) the
deflection angle is identically zero. The deflection angle αD(x0) monotonically increases as the distance of minimum
approach x0 decreases, and becomes higher than 2pi resulting in the complete loops of the light ray around the black
hole before escaping to the observer for x0 ≃ xm (or u ≃ um) and leads to the set of infinite or relativistic source’s
images [47, 67]. Only for the x0 = xm (or u = um), deflection angle diverges logarithmically, whereas, photons with
impact parameters u < um get captured by the black hole and fall into the horizon. We consider the sign convention
such that for αD(x0) > 0, light bend toward the black hole, whereas for αD(x0) < 0, light bend away from it. We are
interested in the deflection of light in the strong-field limit, viz., light rays passing close to the photon sphere. In the
strong deflection limit, we can expand the deflection angle near the photon sphere, where it diverges [56]. For this
purpose, we define a new variable [56]
z =
A(x) −A(x0)
1−A(x0) , (21)
the integral (19) can be re-written as
I(x0) =
∫ 1
0
R(z, x0)f(z, x0)dz, (22)
with
R(z, x0) =
2
√
C(x0)(1−A(x0))
C(x)A′(x)
, (23)
f(z, x0) =
1√
A(x0)− A(x)C(x)C(x0)
, (24)
where functions without subscript “0” are evaluated at x = A−1[(1 − A(x0))z + A(x0)] [56]. Equation (24), on
performing the Taylor series expansion of the function within square root, reduces to
f0(z, x0) =
1√
ζ(x0)z + β(x0)z2
, (25)
where
ζ(x0) =
1−A(x0)
A′(x0)C(x0)
[(C′(x0)A(x0)−A′(x0)C(x0))] , (26)
β(x0) =
(1−A(x0))2
2A′(x0)3C(x0)2
[
2C(x0)C
′(x0)A
′(x0)
2 +A(x0)A
′(x0)C(x0)C
′′(x0)
−C(x0)C′(x0)A(x0)A′′(x0)− 2C′(x0)2A(x0)A′(x0)
]
. (27)
And
R(z, x0) =
P +Qz
x30c1
2(−4piα˜+ x30(−1 + c1))4
(28)
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Figure 2: Plot showing the strong lensing coefficients a¯ and b¯ as function of α˜.
with
P = 2x30c1(−1 + c1)
[
2(−1 + c1)x120 + piα˜(−68 + 52c1)x90 + pi2α˜2(−696 + 344c1)x60
+pi3α˜3(−1952 + 384c1)x30 − 512pi4α˜4
]
, (29)
Q = 2x30c1(−1 + c1)
[
3(−1 + c1)x120 + 2piα˜(−63 + 51c1)x90 + 8pi2α˜2(−201 + 111c1)x60
+32pi3α˜3(−183 + 39c1)x30 − 1536pi4α˜4
]
, (30)
c1 =
√
1 +
16piα˜
x3m
. (31)
In Eq. (22), R(z, x0) is regular for all values of z and x0, however, f(z, x0) diverges for x = x0 or z → 0. With the
above given definitions, the integral in Eq. (19) can be split into two, diverging and regular, parts as follows [56]
I(x0) = ID(x0) + IR(x0), (32)
such that
ID(x0) =
∫ 1
0
R(0, xm)f0(z, x0)dz, (33)
IR(x0) =
∫ 1
0
(
R(z, x0)f(z, x0)−R(0, xm)f0(z, x0)
)
dz. (34)
The integral ID(x0) converges for x0 6= xm, as f0(x0) = 1/
√
z. But when x0 = xm the integral ID(x0) has logarithmic
divergences as φ(x0) = 0 and f0(x0) = 1/z. Integral IR(x0) is the regularized term with the divergence subtracted.
Solving the integrals in Eqs. (33) and (34), the deflection angle can be simplified [56] to
αD(u) = −a¯ log
( u
um
− 1
)
+ b¯+O(u − um), (35)
where
a¯ =
R(0, xm)
2β(xm)
=
8c14
(
8piα˜+ x2m(1− c1)
)2
(−c1 + 3) (−1 + c1)2 (x4mc1 + 4piα˜ (−9 + 4xmc1))
, (36)
b¯ = −pi + IR(xm) + a¯ log
(2β(xm)
A(xm)
)
, (37)
and
β(xm) =
(−1 + c1)2 (x4mc1 + 4piα˜ (−9 + 4xmc1))
4c13 (8piα˜+ x2m(1 − c1))2
. (38)
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Figure 3: Left Panel: plot showing the behavior of deflection angle αD(u) for strong-gravitational lensing with impact parameter
u for different values of α˜. The colored points on the horizontal axis correspond to the impact parameter u = um, for which
deflection angle diverges. Right Panel: deflection angle αD(u) variation with α˜ for u = 2.7.
In this case IR(xm) can not be calculated analytically, so it has been calculated numerically. a¯ and b¯ are called the
strong deflection limit coefficients, which depend on the metric functions evaluated at the xm. It is evident that a¯
increases whereas b¯ decreases with the α˜ (cf. Fig. 2), and in the limit α˜→ 0, they smoothly retain the values for the
Schwarzschild black hole, viz., a¯ = 1 and b¯ = −0.4002. The deflection angle αD(u) in the strong deflection limits for
the static spherically symmetric EGB black holes (4) are depicted in Fig. (3). The deflection angle αD(u) diverges
for u = um and steeply falls with u (cf. Fig. 3). It is evident that for fixed values of u, deflection angle decrease with
increasing GB coupling parameter α˜; Schwarzschild black hole cause larger deflection angle than the EGB black hole.
It is worthwhile to note that the presented results are valid only in the strong deflection limit u & um, whereas for
u >> um, the strong deflection limit is not a valid approximation. There exist a value of x0 = xz or u = uz for which
deflection angle becomes zero.
IV. LENSING OBSERVABLES
Once we have known the deflection angle due to strong gravitational lensing Eq. (35), we can easily calculate
the image positions using the lens equation. Lens equation, establishing a relation between the observational setup
geometry, namely the positions of source S, observer O and the black hole L in a given coordinate system, and the
position of the lensed images in the observer’s sky, is given by [49]
DOS tanβ =
DOL sin θ −DLS sin(α− θ)
cos(α− θ) , (39)
where β and θ are the angular separations, respectively, of the source and the image from the black hole. The distance
between the source and black hole is DLS , whereas distance from the observer to the source and black hole is DOS
and DOL respectively; all distances are expressed in terms of the Schwarzschild radius xs = Rs/2M . Photon emitted
with a impact parameter u from the source approaches the black hole and is received by an observer. The deflection
angle αD is identified as the angle between the tangents to the emission and detection directions. Since it diverges for
u = um and the light rays perform several loops around the black hole before escaping to the observer, therefore, we
can replace αD by 2npi+∆αn, where n is the positive integer number corresponding to the winding number of loops
around black hole and ∆αn is the offset of the deflection angle. For the case of a far distant observer and source, and
their nearly perfect alignment with the black hole, the lens equation (39) can be simplified as [49, 68]
β = θ − DLS
DOS
∆αn. (40)
However, the lens equation has also been defined in more general setup [48, 50, 52–54, 69–72]. One can notice that
in Eq. (40), only the offset angle ∆αn comes into the lens equation rather than the complete deflection angle. To get
8the offset deflection angle for nth relativistic image, ∆αn, we first solve the αD(θ
0
n) = 2npi, where θ
0
n is the image
position for the αD = 2npi, this yields
θ0n =
um
DOL
(1 + en), (41)
with
en = e
b¯−2npi/a¯. (42)
Now, making a Taylor series expansion of the deflection angle about (θ0n) to the first order, gives
αD(θ) = αD(θ
0
n) +
∂αD(θ)
∂θ
∣∣∣∣∣
θ0
n
(θ − θ0n) +O(θ − θ0n), (43)
using ∆θn = θ − θ0n and the deflection angle Eq. (35), the Eq. (43) becomes
∆αn = − a¯DOL
umen
∆θn. (44)
Neglecting the higher-order terms, the lens equation finally gives the position of nth image [56]
θn ≃ θ0n +
DOS
DLS
umen
DOLa¯
(β − θ0n), (45)
for β = θ0n, viz., the image position coincides with the source position, the correction to the n
th image position
identically vanishes. Though Eq. (45) gives source’s images on the same side of source (θ > 0), we can replace β by
−β in order to get the images on the other side. The brightness of the source’s images will be magnified due to the
gravitational lensing, the magnification of nth loop image is defined as [56]
µn =

β
θ
dβ
dθ
∣∣∣∣∣
θ0
n


−1
. (46)
The brightness magnification decreases steeply with the order n of the images, such that unless the source is almost
perfectly aligned with the black hole and the observer, these images will be very faint as a result of high demagni-
fication. Also Eq. (46) infers that for the perfect alignment of the source and the black hole, β → 0, the brightness
magnification diverges. Considering only the outermost one-loop image θ1 as distinguishable as a single image from
the remaining inner packed images θ∞, we can have three characteristic observables [56]
θ∞ =
um
DOL
, (47)
s = θ1 − θ∞ = θ∞ e
b¯−2pi
a¯ , (48)
r =
µ1∑
∞
n=2µn
= e
2pi
a¯ , rmag = 2.5 log(r) =
5pi
a¯ ln 10
. (49)
where
um =
2
√
2piα˜√
1 + 8piα˜− c1 . (50)
Here, θ∞ is the angular radius of the photon sphere, i.e., the position of the innermost packed images, s is the angular
separation between the one-loop image and the images at θ∞, and r is the ratio of the brightness flux from the
outermost relativistic image at θ1 to those from the remaining relativistic images at θ∞. It must be noted that, in
contrary to θ∞ and s, rmag is independent of the black hole distance from the observer.
Now, we consider the supermassive black hole candidates at the galactic center of the Milky Way and the nearby
galaxy Messier 87, respectively, Sgr A* and M87*, as the static spherically symmetric EGB black hole described
by metric (4). Based on the latest observational data, we have taken their masses and distances from the Earth as,
M = 3.98×106M⊙ and DOL = 7.97 kpc for Sgr A* [73], andM = (6.5±0.7)×109M⊙ and DOL = (16.8±0.8) Mpc for
M87* [74]. It is interesting to estimate the correction due to the GB coupling parameter α˜ by comparing the results
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Figure 4: Plot showing the behavior of lensing observables, θ∞, r, and s as a function of α˜ for Sgr A* (left panel) and M87*
(right panel) black holes.
of EGB black hole with those for the Schwarzschild black hole (cf. Table I). The lensing observables for the Sgr A*
and M87* black holes are shown in Fig. (4) as a function of α˜. Figure (4) and Table I clearly infer that the relativistic
images have largest angular separation for small values of α˜. By measuring the lensing observables, namely θ∞, s,
and r, for the EGB black hole and inverting the Eqs. 48 and (49), we can calculate the strong deflection coefficients a¯
and b¯. Then the theoretically predicted values can be compared with the values inferred from the observational data
to find the black hole parameters.
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Sgr A* M87* Lensing Coefficients
α˜ θ∞
(µas)
s (µas) rm θ∞
(µas)
s (µas) rm a¯ b¯ um/Rs
0.0 25.530 0.031 6.825 19.780 0.024 6.825 1.0 −0.401 2.597
0.005 25.032 0.043 6.412 19.395 0.034 6.412 1.063 −0.469 2.547
0.01 24.473 0.063 5.931 18.961 0.048 5.931 1.150 −0.576 2.490
0.015 23.829 0.096 5.330 18.462 0.074 5.330 1.279 −0.767 2.424
0.019 23.218 0.146 4.691 17.988 0.113 4.691 1.454 −1.083 2.362
Table I: Strong-lensing observables for the black hole Sgr A* and M87*, and lensing coefficients for various values of α˜.
V. WEAK GRAVITATIONAL LENSING
Gibbon and Werner [75] invoked the Gauss-Bonnet theorem, in the context of optical geometry to calculate the
deflection angle of light in the weak-field limits of the spherically symmetric black hole spacetime [76]. Later, consid-
ering the source and observers at finite distances from the black hole, corrections in the deflection angle due to static
spherically symmetric black hole were calculated by Ishihara et al. [77, 78], which is further generalized by Ono et
al. [79] for the stationary and axisymmetric black holes. Since then, their method have been extensively used for
varieties of black hole spacetimes [62, 80–89]. We follow their approach to calculate the light deflection angle in the
weak-field limit caused by the static and spherically symmetric EGB black hole.
Considering a coordinate system centered at the black hole (L), and assuming the observer (O) and the source (S)
at the finite distances from the black hole (cf. Fig. 5), we can define the deflection angle at the equatorial plane as
follow [77, 79]
αD = ΨO −ΨS +ΦOS , (51)
where, ΦOS is the angular separation between the observer and the source, ΨS and ΨO, respectively, are the angle
made by light rays at the source and observer. The quadrilateral ∞O 
∞
S , which is made up of spatial light ray curves
from source to the observer, a circular arc segment Cr of coordinate radius rC (rC → ∞), and two outgoing radial
lines from O and S, is embedded in the 3-dimensional Riemannian manifold (3)M defined by optical metric γij (cf.
Fig. 5). The surface integral of the Gaussian curvature of the two-dimensional surface of light propagation in this
manifold gives the light deflection angle [77, 79]
αD = −
∫ ∫
∞
O
∞
S
KdS. (52)
Solving Eq. (4) for the null geodesics ds2 = 0, we get
dt = ±
√
γijdxidxj , (53)
with
γijdx
idxj =
1
f(r)2
dr2 +
r2
f(r)
(
dθ2 + sin2 θ dφ2
)
. (54)
Gaussian curvature of the surface of light propagation is defined as [90]
K =
3Rrφrφ
γ
,
=
1√
γ
(
∂
∂φ
(√
γ
γrr
(3)Γφrr
)
− ∂
∂r
(√
γ
γrr
(3)Γφrφ
))
, (55)
where γ = det(γij). For EGB black hole metric (4), in the weak-field limits, Eq. (55) simplifies to
K = −2M
r3
+
3M2
r4
+
640M2piα
r6
− 1152M
3piα
r7
+O
(
M3α2
r9
,
M4α2
r10
)
. (56)
The surface integral of Gaussian curvature over the closed quadrilateral ∞O 
∞
S reads [79]∫ ∫
∞
O
∞
S
KdS =
∫ φO
φS
∫ r0
∞
K
√
γdrdφ, (57)
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Figure 5: Schematic figure for the quadrilateral ∞O 
∞
S embedded in the curved space.
where r0 is the distance of closest approach to the black hole. In the weak-field approximation, the light orbits
equation can be considered as [91]
b =
sinφ
u
+
M(1− cosφ)2
u2
− M
2(60φ cosφ+ 3 sin 3φ− 5 sinφ)
16u3
+O
(
M2α
u5
)
, (58)
where b = 1/r, and u is the impact parameter. The integral Eq. (57) can be recast as∫ ∫
∞
O
∞
S
KdS =
∫ φO
φS
∫ b
0
−K
√
γ
b2
dbdφ, (59)
which for the metric Eq. (54) reads as∫ ∫
KdS =
(
cos−1 ubo + cos
−1 ubs
) (15M2
4u2
− 60M
2piα
u4
)
+
(√
1− u2b2o +
√
1− u2b2s
)(2M
u
+
128M3
6u3
− 14852M
3piα
25u5
)
+
(
bo
√
1− u2b2o + bs
√
1− u2b2s
)(
− M
2
4u
− 60M
2piα
u3
)
+
(
b2o
√
1− u2b2o + b2s
√
1− u2b2s
)(M3
6u
− 7426M
3piα
25u3
)
+ O
(
M4
u4
,
M4α
u6
)
, (60)
where, bo and bs, respectively, are the reciprocal of the distances of observer and source from the black hole, i.e.,
bo = 1/ro and bs = 1/rs. We have used the approximation cosφo = −
√
1− u2b2o, cosφs =
√
1− u2b2s, the relative
negative sign is because the source and the observer are at the opposite sides to the black hole. In the limits of far
distant observer and source, bo → 0 and bs → 0, the deflection angle for the EGB black hole in the weak-field limits
reads as follows
αD =
4M
u
+
15piM2
4u2
− 60M
2pi2α
u4
+
128M3
3u3
− 29704M
3piα
25u5
+O
(
M4
u4
,
M4α
u6
)
. (61)
Further, in the limiting case of α = 0, it reduces as
αD|Schw =
4M
u
+
15piM2
4u2
+
128M3
3u3
+O
(
M4
u4
)
, (62)
which corresponds to the value for the Schwarzschild black hole [47, 91]. In terms of the normalized impact parameter
and GB coupling parameter, u→ u/M and α→ α˜ = α/M2, the deflection angle Eq. (61), reads as
αD =
4
u
+
15pi
4u2
− 60pi
2α˜
u4
+
128
3u3
− 29704piα˜
25u5
+O
(
1
u4
,
α˜
u6
)
. (63)
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α˜ = 0.001 α˜ = 0.003 α˜ = 0.005 α˜ = 0.01 α˜ = 0.019
u = 1 ∗ 103 0.122428 0.367283 0.612139 1.22428 2.32613
u = 2 ∗ 103 0.00762716 0.0228815 0.0381359 0.0762718 0.144916
u = 3 ∗ 103 0.00150446 0.0045134 0.0075223 0.0150446 0.0285848
u = 4 ∗ 103 0.000475089 0.0014253 0.00237546 0.00475093 0.00902681
Table II: The corrections in the deflection angle δαD = αD|Schw − αD for weak-gravitational lensing around the EGB black
hole with source at bs = 10
−4 and observer at bo = 0; δαD is in units of µas.
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Figure 6: The corrections in the deflection angle δαD = αD|Schw − αD for weak-gravitational lensing around EGB black hole
with bs = 10
−4, bo = 0 and varying u; δαD is in units of µas.
It is clear from Eq. (63), that the GB coupling parameter α˜ reduces the deflection angle, i.e., in the weak-field limits
the EGB black hole leads to smaller deflection angle than the Schwarzschild black hole. We presented the correction
in the deflection angle δαD = αD − αD|Schw due to α˜ in Table II and Fig. 6 for various values of impact parameter
u. Table II infers that, for fixed value of impact parameter u, the correction δαD increases with the α˜ and is of the
order of micro-arc-second. However, for a fixed value of α˜, δαD decreases with u.
VI. CONCLUSIONS
The GB correction to the Einstein-Hilbert action provides a natural extension to the Einstein’s theory of general
relativity in D > 4 dimensional spacetime, however, it is a topological invariant quantity in D → 4, and therefore
does not contribute to the gravitational field equations. Recently proposed 4D regularized EGB gravity theories, in
which GB term in the gravitational action makes a non-trivial contribution to the field equations in 4D and contrary
to the Schwarzschild black hole solution of GR, a black hole in this theory can possess up to two horizons.
Gravitational lensing is unequivocally a potentially powerful tool for the analysis of strong fields and for testing
general relativity. The strong-field limit provides a useful framework for comparing lensing by different gravities,
the 4D EGB gravity is a very interesting model to consider and discuss the observational signatures this quadratic
curvature corrected gravity has than the Schwarzschild black hole of general relativity. In view of this, we investigated
the gravitational lensing of light around the 4D EGB black hole in the strong deflection limits. Depending on the
value of impact parameter u, photons get deflected from their straight path and leads to the multiple images of a
source, and for the particular value of u = um, photons follow the circular orbits around the black hole and deflection
angle diverges. It is found that the static spherically symmetric EGB black holes lead to smaller deflection angle as
compared to the Schwarzschild black hole value, and the deflection angle decreases with the GB coupling parameter
α˜. The effect of α˜ on the deflection angle immediately reflect on the relativistic images. Considering the observer and
the light source at far distances from the black hole, we calculate the observables for the strong lensing, namely the
angular separation between the relativistic source’s images and the relative brightness magnitude of the first image.
It is noted that, with the increasing GB coupling parameter, the photon circular orbits radii decrease, the angular
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separation between the set of source images increase, whereas the brightness magnitude decrease.
We modeled the supermassive black holes Sgr A* and M87,* respectively, in the Galactic Center and at the center
of galaxy M87 as the 4D EGB black hole (lens), and estimate the lensing observables. The corrections in the angular
separation of the images, due to the GB coupling parameter α, is of the order of µas, which is within the limit
of current observational outreaches. The weak gravitational lensing around EGB black holes is also discussed and
corrections in the deflections angle due to α˜ are calculated, which increase with α˜.
Investigation of the gravitational lensing around the rotating EGB black holes in the strong and weak field limits
is the topic of our future investigation.
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